Abstract. The chiral de Rham complex of Malikov, Schechtman, and Vaintrob, is a sheaf of differential graded vertex algebras that exists on any smooth manifold Z, and contains the ordinary de Rham complex at weight zero. Given a closed 3-form H on Z, we construct the twisted chiral de Rham differential D H , which coincides with the ordinary twisted differential in weight zero. We show that its cohomology vanishes in positive weight and coincides with the ordinary twisted cohomology in weight zero. As a consequence, we propose that in a background flux, Ramond-Ramond fields can be interpreted as D H -closed elements of the chiral de Rham complex. Given a T-dual pair of principal circle bundles Z, Z with fluxes H, H, we establish a degree-shifting linear isomorphism between a central quotient of the iR[t]-invariant chiral de Rham complexes of Z and Z. At weight zero, it restricts to the usual isomorphism of S 1 -invariant differential forms, and induces the usual isomorphism in twisted cohomology. This is interpreted as T-duality in type II string theory from a loop space perspective. A key ingredient in defining this isomorphism is the language of Courant algebroids, which clarifies the notion of functoriality of the chiral de Rham complex.
Introduction
It is a folklore principle that the equations of string theory are formulated on the space of free loops LZ where Z is spacetime. Constructions involving the space of free loops lead to vertex algebras, whose relevance to strings in string theory is comparable to that of Lie algebras in the classical physics of point particles. For example, vertex algebras arise naturally in the projective representation theory of loop groups, cf. Chapter 13 in [53] . The notion of vertex algebra also arises naturally from the Wightman axioms for quantum field theory, see Chapter 1 in [38] . A central example relevant to this paper is the chiral de Rham complex of Malikov, Schechtman and Vaintrob [50, 51] , which is a sheaf of vertex algebras Ω ch Z that exists on any smooth manifold Z in either the C ∞ , holomorphic, or algebraic categories. It was formalised in the algebraic category in [39] . See for example [60, 40, 8] This paper is also partly motivated by recent developments in string theory in a background flux. In [10] , it was argued that D-brane charges in a background H-flux take values in twisted K-theory of spacetime Z, K
• (Z, H). The Chern-Weil representatives of the twisted Chern character Ch H : K
• (Z, H) → H • (Z, H) taking values in the twisted de Rham cohomology, Ramond-Ramond fields, were defined and their properties studied in [12, 52] . Also central is generalized geometry initiated by Hitchin, and developed by him and his students [35, 36, 31] , and in particular exact Courant algebroids [56, 57] .
Our first goal in this paper is to construct the twisted chiral de Rham differential D H on Ω ch (Z). Regarding Ω ch (Z) as a module over itself rather than a vertex algebra, D H is a square-zero derivation in the category of modules. It preserves conformal weight and is homogeneous with respect to a Z/2Z grading, and we denote this Z/2Z-graded complex by (Ω ch,• (Z), D H ). The weight zero subcomplex coincides with the classical twisted de Rham complex (Ω • (Z), d H ). As in the untwisted setting, the cohomology H • (Ω ch (Z), D H ) vanishes in positive weight and coincides with H
• (Z, H) at weight zero. We propose that the configuration space of Ramond-Ramond fields in a background H-flux is the subspace of Ω ch (Z) that is closed under D H . This perspective could be more natural in the context of string theory since it incorporates massive Ramond-Ramond fields, where the mass is given by the conformal weight. Even though this configuration space is much richer than the d H -closed differential forms and captures information about the loop space of Z, the D-brane charges are the same as in the classical setting since the twisted cohomology vanishes in positive weight. We mention in passing that there are also very different types of twists of the chiral de Rham complex, as studied in [29, 30] . 0.1. T-duality. Our second goal in this paper is to establish a version of T-duality in the chiral setting. T-duality for pairs (Z, H) consisting of nontrivial circle bundles, together with degree 3 H-flux with integral periods, was originally studied in detail in [13, 14, 15, 16] . In string theory, T-dual pairs are distinct compactification manifolds that cannot be distinguished by any experiment, which implies the isomorphisms of a number of other structures, such as Courant algebroids [22] , generalized complex structures [22] and twisted K-theory [13] , see also [20, 54] . More precisely, the following situation is studied.
(0.1) (Z, H)
where Z, Z are principal circle bundles over a base M with fluxes H and H, respectively, satisfying π * (H) = c 1 ( Z), π * ( H) = c 1 (Z) and H − H is exact on the correspondence space Z × M Z. Then Bouwknegt, Evslin and Mathai [13, 14] proved that there is an isomorphism of twisted K-theories
and an isomorphism of twisted cohomology theories,
In fact, (0.3) is induced by a degree-shifting linear isomorphism of S 1 -invariant differential complexes (0. 4) T : (Ω • (Z)
dH).
As shown by Cavalcanti and Gualtieri in [22] , there is also an isomorphism of Courant algebroids
which is compatible with (0.4), regarded as an isomorphism of the associated Clifford modules.
In the chiral setting, it is immediate from (0.3) and the positive weight vanishing theorem for twisted chiral de Rham cohomology that we have an isomorphism (0.6)
such that the following diagram commutes.
This isomorphism is interpreted as T-duality from a loop space perspective, giving an equivalence (rationally) between D-brane charges in a background H-flux in type IIA and IIB string theories. However, this is only a preliminary result because the isomorphism in cohomology is not induced by an isomorphism of the underlying chiral structures. Our next goal is to establish the chiral analogues of the degree-shifting isomorphism (0.4) of S 1 -invariant twisted de Rham complexes, as well as the isomorphism (0.5) of Courant algebroids. The difficulty is that the chiral de Rham complex is not functorial since its construction involves both differential forms and vector fields. The language of Courant algebroids is needed to establish the right notion of functoriality in this setting. The connection between Courant algebroids and the chiral de Rham complex was first observed by Bressler [17] , and was developed further by Heluani [33] . An important result of [33] is that for every Courant algebroid E on Z, there is a sheaf U E of vertex algebras on Z, which coincides with Ω ch Z when E is the standard Courant algebroid T Z ⊕ T * Z. , and we may take the quotient
Specializing this to exact Courant algebroids
defines a sheaf of vertex algebras on Z which we denote by (
/ L A , and a surprising result is that
does not vanish in positive weight. If Z has finite topological type, meaning that it has a finite covering by contractible open sets, we will show that (0.10)
where F denotes the symplectic fermion algebra. Note that the higher-weight components depend only on a fixed vertex algebra F that is independent of Z, and thus capture no additional topological information. If Z has finite topological type, the graded character of
can be written down immediately from (0.10). We remark that the symplectic fermion theory was one of the first logarithmic conformal field theories to appear in the physics literature [41] . The orbifold F Z/2Z coincides with the simplest triplet vertex algebra W 2,1 which was one of the first examples of a non-rational, C 2 -cofinite vertex algebra [1, 2] .
We may also regard (Ω 
Again, the positive-weight components carry no new topological information, and the graded character can be written down. We also consider the H-twisted version of this sheaf, namely (Ω
We have an isomorphism of sheaves of differential graded vertex algebras
and an isomorphism of sheaves of modules
The chiral analogue of the Cavalcanti-Gualtieri isomorphism of Courant algebroids (0.5) is an isomorphism of vertex algebra sheaves on M (0.12)
Note that this map has no degree shift. By composing it on the left and right by the isomorphisms (0.11), we obtain an isomorphism of untwisted vertex algebra sheaves
which we also denote by τ ch . There is a compatible isomorphism of sheaves of modules (0.14)
which incorporates the degree shift relevant to T-duality. The isomorphism of global sections
is the analogue of (0.4). At weight zero, it coincides with (0.4) and induces the cohomology isomorphism (0.3). Even though (0.15) does not intertwine the differentials D H and D H in positive weight, when Z has finite topological type we still get a linear isomorphism
The isomorphisms (0.13), (0.15), and (0.16) are interpreted as a more refined version of T-duality from a loop space perspective. For an alternate loop space perspective of T-duality, see [32] . For a relation of current algebras to T-duality, see [34] . An example of T-duality using OPE in the case of the trivial circle bundle on a 2D torus with nontrivial H-flux is studied in [3] . 0.2. Outline of paper. In §1 we briefly review Courant algebroids and describe the main examples we need, which are the exact Courant algebroids, and the S 1 -invariant Courant algebroids associated to a principal S 1 -bundle. In §2 we introduce vertex algebras and describe the examples and constructions we need, including orbifolds, commutants, and modules. In §3 we recall the chiral de Rham complex and give a coordinate-free construction by strong generators and relations. We also construct the twisted chiral de Rham differential D H and prove the positive weight vanishing theorem for H
• (Ω ch (Z), D H ). In §4, we recall Heluani's theorem that associates to any Courant algebroid E → Z a sheaf of vertex algebras U E on Z. In the case 
and a smooth bundle map π : E → T Z called the anchor. There is an induced differential operator d :
For all A, B, C ∈ C ∞ (E) and f ∈ C ∞ (Z), these structures satisfy
Notice that there is a dual to the anchor map π * : T * Z → E * ∼ = E, where the isomorphism is given by ·, · . It follows that the bracket in general does not satisfy the Jacobi identity, so is not a Lie bracket. Remark 1.1. The notion of a Courant algebroid was introduced by Liu-Weinstein-Xu [49] so as to provide a framework for the theory of Courant and Dorfman [23, 24] . The original definition was later simplified by Roytenberg [55] and others.
A Courant algebroid over a point is a quadratic Lie algebra, that is a Lie algebra with an invariant nondegenerate bilinear form. The so called standard Courant algebroid is E = T Z ⊕ T * Z, where π is the projection, and
E is also known as the generalized tangent bundle in generalized geometry. More generally, one considers exact Courant algebroids E in generalized geometry. That is, there is an exact sequence of vector bundles
where the last map is π. Exact Courant algebroids are classified by H 3 (Z, R), [56, 57] . For every such E, there is a splitting E ∼ = T Z ⊕ T * Z and a closed 3-form H ∈ Ω 3 (Z) such that the bilinear form and bracket are given by
Note that d H is not a derivation of Ω * (Z) regarded as an algebra, but it is a derivation of Ω * (Z) regarded as a left Ω * (Z)-module. In particular, for homogeneous a, ω ∈ Ω * (Z),
, and ω ∈ Ω * (Z), we have
Finally, note that d H is not homogeneous with respect to degree. We may regard Ω * (Z) as a Z/2Z-graded complex by reducing the degree modulo 2, and we use the notation
There is one more class of Courant algebroids that we need to consider. Suppose that π : Z → M is a principal circle bundle. Let E denote the quotient (T Z ⊕ T * Z)/S 1 of the standard Courant algebroid on Z by the S 1 -action. It is well known that E is a Courant algebroid which is not exact, but is transitive; that is, the anchor map is surjective. More generally, given a closed 3-form
Via the dimension reduction formalism, we shall regard E as a Courant algebroid on M rather than Z. Fix a connection form A ∈ Ω 1 (Z), and let X A denote the vector field on Z generated by the S 1 -action, normalized so that
Here ι A denotes the contraction along X A . Let Vect hor (Z) denote the set of S 1 -invariant vector fields on Z such that ι X A = 0, which under π * can be identified with Vect(M). Then a vector field in T Z/S 1 can be written as
Similarly, an element of (T * Z)/S 1 can be written as
The anchor map E → T M is just the composition of the anchor map E → T Z with π * . Writing H = H (3) + A ∧ H (2) and F A = dA, the following expression for the bracket [·, ·] H is given in [9] . 
with the following properties: The composition of Courant morphisms is given as the fibrewise composition of relations, where the usual transversality conditions are imposed to ensure smoothness. Remark 1.2. The notion of a Courant morphism is due toŠevera [58] and Alekseev-Xu [4] , see also [48] for a published account.
(1) A diffeomorphism Φ of Z clearly gives rise to an automorphism R Φ of the stan- (3) We give an example of a Courant morphism that is not an automorphism. Let 0 < n < N be integers and let S be an n-dimensional totally geodesic submanifold of the N-dimensional Riemannian manifold Z. It is a straightforward fact that vector fields on a Riemannian manifold induce vector fields on totally geodesic submanifolds compatible with the bracket, using the Levi-Civita connections on the manifold and its totally geodesic submanifold. Together with the restriction map on differential forms, we get a morphism R ι : T Z ⊕ T * Z −→ T S ⊕ T * S of standard Courant algebroids, where ι : S ֒−→ Z is the embedding.
Vertex algebras
In this section, we define vertex algebras, which have been discussed from various points of view in the literature (see for example [7, 26, 38, 25] ). We will follow the formalism developed in [47] and partly in [42] . Let V = V 0 ⊕ V 1 be a super vector space over C, and let z, w be formal variables. By QO(V ), we mean the space of all linear maps
Each a ∈ QO(V ) can be represented as a power series
Each a ∈ QO(V ) is assumed to be of the form a = a 0 + a 1 where a i : V j → V i+j ((z)) for i, j ∈ Z/2Z, and we write |a i | = i. There are nonassociative bilinear operations • n on QO(V ), indexed by n ∈ Z, which we call the n th circle products. For homogeneous a, b ∈ QO(V ), they are defined by
Here
] denotes the power series expansion of a rational function f in the region |z| > |w|. We usually omit ι |z|>|w| and just write (z − w) −1 to mean the expansion in the region |z| > |w|, and write −(w − z) −1 to mean the expansion in |w| > |z|. For a, b ∈ QO(V ), we have the following identity of formal power series, known as the operator product expansion (OPE) formula.
.
where ∼ means equal modulo the term : a(z)b(w) :, which is regular at z = w. Note that : a(w)b(w) : is a well-defined element of QO(V ). It is called the Wick product of a and b, and it coincides with a • −1 b. The other negative circle products are given by
For a 1 (z), . . . , a k (z) ∈ QO(V ), the iterated Wick product is defined to be
We often omit the variables z, w when no confusion can arise. The set QO(V ) is a nonassociative algebra with the operations • n , which satisfy 1• n a = δ n,−1 a for all n, and a • n 1 = δ n,−1 a for n ≥ −1. A subspace A ⊂ QO(V ) containing 1 which is closed under the circle products will be called a quantum operator algebra (QOA). A subset S = {a i | i ∈ I} of A is said to generate A if every a ∈ A can be written as a linear combination of nonassociative words in the letters a i , • n , for i ∈ I and n ∈ Z. We say that S strongly generates A if every a ∈ A can be written as a linear combination of words in the letters a i , • n for n < 0. Equivalently, A is spanned by
Here [·, ·] denotes the super bracket. A vertex algebra may be defined as a QOA whose elements are pairwise local. This definition is well known to be equivalent to the notion of a vertex algebra in [26] .
A very useful description of a vertex algebra A is a strong generating set {a i | i ∈ I} for A, together with a set of generators {b k | k ∈ K} for the ideal I of relations among the generators and their derivatives, that is, all expressions of the form (2.3) that vanish. Given such a description, to define a homomorphism φ from A to another vertex algebra B, it suffices to define φ(a i ) for i ∈ I and show the following.
(1) φ preserves pairwise OPEs among the generators; equivalently, φ(
This shall be our method of constructing vertex algebra homomorphisms in this paper.
A conformal structure is an element
such that L −1 acts by ∂ on A and L 0 acts diagonalizably. The constant c is called the central charge, and the grading by L 0 -eigenvalue is called conformal weight. In all our examples, the conformal weight grading is by the nonnegative integers. In the presence of a conformal structure, we write a homogeneous element a(z) = n∈Z a(n)z −n−1 in the form n∈Z a n z −n−wt(a) where a n = a(n + wt(a) − 1). A module M over a vertex algebra A is a vector space M together with a QOA homomorphism A → QO(M). In particular, for each a ∈ A, we have a field
. If A and M are graded by conformal weight, we write a M (z) = n∈Z a M,n z −n−wt(a) , and we require that a M,n has weight −n. The orbifold construction is a standard way to construct new vertex algebras from old one. Given a vertex algebra A and a group G of automorphisms of A, the invariant subalgebra A G is called an orbifold. Many interesting vertex algebras arise either as orbifolds or as extensions of orbifolds; the spectacular moonshine vertex algebra is an important example [26] .
The commutant or coset construction is another way to construct new vertex algebras from old ones. Let V be a vertex algebra and let S be a subalgebra of V. The commutant Com(S, V) is defined to be {v ∈ V| [a(z), v(w)] = 0, ∀a ∈ S}, which is always a vertex subalgebra of V. Equivalently, a • k v = 0 for all k ≥ 0 and a ∈ S. If A is the vertex algebra generated by S, Com(S, V) = Com(A, V).
Example 2.1. (βγ and bc systems) Let V be a finite-dimensional vector space. Regard V ⊕ V * as an abelian Lie algebra. Then its loop algebra has a one-dimensional central extension by Cκ which we denote by h, with bracket
Let b ⊂ h be the subalgebra generated by κ, (x, 0)t n , (0, x ′ )t n+1 , for n ≥ 0, and let C be the one-dimensional b-module on which each (x, 0)t n , (0, x ′ )t n+1 act trivially and the central element κ acts by the identity. Consider the
n , and the fields
have the properties
Moreover the β x (z) commute; likewise for the γ x ′ (z). Thus the β x (z), γ x ′ (z) generate a vertex algebra S = S(V ). This algebra was introduced in [27] , and is known as a βγ-system or semi-infinite symmetric algebra. Finally, β x , γ x ′ satisfy the OPE relation
By the Poincaré-Birkhoff-Witt Theorem, the vector space U(h) ⊗ U (b) C has the structure of a polynomial algebra with generators β x n , γ x ′ n+1 , n < 0, which are linear in x ∈ V and x ′ ∈ V * . We can also regard V ⊕ V * as an odd abelian Lie (super) algebra, and consider its loop algebra and a one-dimensional central extension by Cτ with bracket
Call this Lie algebra j, and form the induced module U(j)⊗ U (a) C. Here a is the subalgebra of j generated by τ , (x, 0)t n , (0, x ′ )t n+1 , for n ≥ 0, and C is the one-dimensional a-module on which (x, 0)t n , (0, x ′ )t n+1 act trivially and τ acts by 1. Then there is a vertex algebra E = E(V ), analogous to S, and generated by odd vertex operators b
and c
This vertex algebra is known as a bc-system, or a semi-infinite exterior algebra. The vector space U(j) ⊗ U (a) C has the structure of an odd polynomial algebra with generators b x n , c
x ′ n+1 , n < 0, which are linear in x ∈ V and x ′ ∈ V * . The bcβγ-system of rank n is just E ⊗ S. Often, we fix a basis for V and a dual basis for V * , so that the generators of
The chiral de Rham complex
The chiral de Rham complex Ω ch Z is a sheaf of vertex algebras on any smooth manifold Z in either the algebraic, complex, or smooth categories, which was introduced by Malikov, Schechtman, and Vaintrob [50] . In this paper we work exclusively in the smooth category, and we will use the formulation in [44] which is equivalent but more convenient for our purposes. In fact, the smooth chiral de Rham complex is not quite a sheaf, but it is a weak sheaf in the terminology of [45] . This means that the reconstruction axiom holds only for finite open covers. However, it is graded by conformal weight and each weighted subspace is an ordinary sheaf. Since we always work inside a fixed weighted component, this does not cause problems and we shall drop the word "weak" throughout this paper.
For a coordinate open set U ⊂ R n with coordinate functions γ i , i = 1, . . . , n, the algebra of sections Ω ch (U) has odd generators b
The element β i corresponds to the vector field 
These OPE relations define a Lie conformal algebra [38] , and Ω ch (U) is defined as the quotient of the corresponding universal enveloping vertex algebra by the ideal generated by
A typical element of Ω ch (U) is a linear combination of fields of form
where a i , d i , e i ≥ 0 and m i ≥ 1. Now consider a smooth change of coordinates g :
We get the following transformation rules:
These new fields satisfy OPE relations
. This allows us to define the sheaf Ω ch Z on any smooth manifold Z, using standard arguments of formal geometry [28] .
Consider the following locally defined fields (3.3)
These satisfy the OPE relations of a topological vertex algebra of rank n [46] .
Therefore L and G are globally defined on any manifold Z. Although J and Q are not globally defined in general, the operators J 0 and Q 0 are well-defined. Note that Ω ch (Z) has a bigrading by degree and weight, where the weight is the eigenvalue of L 0 and degree is the eigenvalue of J 0 . Also, Q 0 is a square-zero operator and we define the differential D to be Q 0 . It is derivation of all circle products • k , k ∈ Z, and it coincides with the de Rham differential at weight zero. Note that G 0 is a contracting homotopy for D in [45] , the commutant condition is local, so U → Com(τ | U , Ω ch (U)) defines a sheaf of vertex algebras on Z. This means in particular that an element ω ∈ Ω ch (Z) lies in Com(τ, Ω ch (Z)) if and only if ω| U ∈ Com(τ | U , Ω ch (U)) for all U ⊂ Z. We shall also need an analogous result for orbifolds. Suppose that G is a compact, connected Lie group acting on Z by diffeomorphisms. Then G acts on Ω ch (Z) by vertex algebra automorphisms and Ω ch (Z) G is a vertex subalgebra. As shown in [44] , the action of G induces a vertex algebra homomorphism V 0 (g) → Ω ch (Z), where V 0 (g) denotes the level zero affine vertex algebra of the Lie algebra g of G. The generators of V 0 (g) are L ξ (z), which are linear in ξ ∈ g and satisfy
Since G is connected, we may identify
there is a neighborhood V of the identity element of G such that for each g ∈ V , g · x ∈ U. Therefore Ω ch (U) g is a well-defined vertex algebra.
Lemma 3.1. If Z carries an action of a connected, compact Lie group G, the assignment U → Ω ch (U) g defines a sheaf of vertex algebras on Z.
Proof. It is enough to show that being in the joint kernel of {(L ξ | U ) 0 | ξ ∈ g} is a local condition. In other words, a ∈ Ω ch (U) lies in this kernel if and only if for every x ∈ U, there is a neighborhood V ∋ x in U such that (L ξ | V ) 0 (a| V ) = 0. But this is clear from the fact that restriction maps are vertex algebra homomorphisms.
Coordinate-free description.
For any open set U ⊂ Z, recall that f ∈ C ∞ (U) and ω ∈ Ω 1 (U) can be regarded as sections of Ω ch (U) of weight zero and degrees 0 and 1, respectively. Additionally, given a vector field X ∈ Vect(U), there are sections
in Ω ch (U) of weight 1 and degrees −1 and 0, respectively. The local description of ι X and L X appear in [44] . Let γ 1 , . . . , γ n be local coordinates and
The next theorem 1 gives a useful coordinate-independent description of Ω ch (U) when U is a coordinate open set.
is strongly generated by the following fields:
These satisfy the following OPE relations.
The ideal of relations among these generators is generated by the following elements.
Proof.
For a coordinate open set U with coordinates γ i for i = 1, . . . , n, (3.6) is clearly a strong generating set for Ω ch (U) since it contains the usual generators
as a subset. Similarly, the set of relations (3.8) are all consequences of the set (3.1), which is a subset of (3.8).
We shall call an open set U ⊂ Z small if Ω ch (U) has the strong generating set (3.6). 
Remark 3.3. The advantage of having a local but coordinate-independent description of a sheaf of vertex algebras on a manifold M is the following principle. Given vertex algebra sheaves A M and B M on M, to specify a morphism A M → B M , it is enough to give a vertex algebra homomorphism φ α : A(U α ) → B(U α ) such that φ α and φ β agree on the overlap U α ∩ U β . If we have coordinate-independent generators and relations for A M and B M , it is enough to show that OPEs among the generators are preserved and the ideal of relations is annihilated; the agreement on overlaps is then automatic. The same principle applies to morphisms of sheaves of modules over vertex algebras.
Remark 3.4. If Z has finite topological type, it is a theorem of Bailin Song [59] that any open set U ⊂ Z is small. In particular, the global section algebra Ω ch (Z) has the strong generating set (3.6) and relations (3.8). Proof. D H is a square-zero operator since D is a derivation, H is D-closed, and also : H(: Hω :) : = 0 for any ω ∈ Ω ch (Z).
Since H is odd and has weight zero, D H is odd and preserves conformal weight. Therefore it is homogeneous of degree 1 with respect to the Z/2Z grading obtaining by reducing the degree grading modulo 2. We denote this Z/2Z-graded complex by (Ω ch,• (Z), D H ). Note that D H is not a vertex algebra derivation of Ω ch,• (Z), just as d H is not a derivation of Ω
• (Z). However, if we regard Ω ch,• (Z) not as a vertex algebra but as a module over itself with generator the vacuum vector, then D H is a derivation in the category of modules. In other words,
Moreover, H • (Ω ch (Z), D H ) has a well-defined Z/2Z grading, and at weight zero it coincides with
Proof. Let A be a cohomology class of weight w > 0 with respect to D H . From the local description of Ω ch (Z), it is clear that the weight-homogeneous subspaces of Ω ch (Z) have bounded degrees both from above and below. Any representative of A has the form a = i≥k a i for some k, where a i has weight w and degree i. We may choose our representative so that k is as large as possible. By degree considerations, a k must be D-closed. Since w > 0,
has degree k − 1 and weight w, and satisfies D(b) = a k . Note that a − D H (b) represents the class A, but the piece in degree k has been canceled. Since k was maximal, we must have a − D H (b) = 0.
One of the difficult features of the chiral de Rham complex is that it is not functorial since it is built from both differential forms and vector fields. In the years after it was introduced, alternative formulations have been given in the language of Courant algebroids [17, 5, 33] , which explains the nonclassical transformation formula for β i appearing in (3.2). From our point of view, regarding Ω ch Z as a structure naturally associated to a Courant algebroid endows it with enough functorial properties to formulate a version of T-duality. From here on, we assume that the degree of H is equal to 3.
Courant algebroids and vertex algebra sheaves
An important result of Heluani (Proposition 4.6 of [33] ) is that for any Courant algebroid E → Z there is an associated sheaf U E of vertex algebras on Z. In Heluani's formalism, U E is a sheaf of N = 1 SUSY vertex algebras, but we shall only need the underlying ordinary vertex algebra structure. The bracket relations in E give rise to a sheaf of Lie conformal algebras on Z, and U E is the quotient of the corresponding sheaf of universal enveloping vertex algebras by a certain sheaf of vertex algebra ideals. Locally, the generators and relations are the analogues of (3.6) and (3.8). For any E, and any open set U ⊂ Z, there are inclusions , and we denote the algebra of sections over U ⊂ Z by Ω ch,H (U). We call it the H-twisted chiral de Rham complex of Z. For any covering {U α } of Z by small open sets, Ω ch,H (U α ) is strongly generated by
Here the tilde notation is used to distinguish these fields from the corresponding generators of Ω ch (U α ). These generators satisfy the following OPEs, which are the twisted analogues of (3.7).ι
The ideal of relations among these fields has the same generating set (3.8) as the untwisted case, where each field is replaced by the tilde version. Even though the exact Courant algebroids E are classified by H 3 (Z, R), it turns out that the corresponding vertex algebra sheaves are all isomorphic to the untwisted chiral de Rham sheaf. 
This is an isomorphism of vertex algebras which is well-defined on overlaps U α ∩ U β , so it is independent of the choice of cover and defines a sheaf isomorphism
It is easy to check that (4.3) preserves the remaining OPE relations. The fact that it annihilates the ideal of relations is also clear, as is the bijectivity.
As in the untwisted case, for a coordinate open set with coordinatesγ 1 , . . . ,γ n , the following locally defined fields generate a topological vertex algebra of rank n.
The fieldsL,G are globally defined, and the modesJ 0 ,Q 0 are globally defined. Define the differentialD to beQ 0 , which satisfies 
Invariant Courant algebroids from principal circle bundles.
Suppose that π : Z → M is a principal circle bundle. Let E denote the quotient (T Z ⊕ T * Z)/S 1 of the standard Courant algebroid on Z by the S 1 -action. It is well known that E is a Courant algebroid which is not exact, but is transitive; that is, the anchor map is surjective. As usual, fix a connection form A ∈ Ω 1 (Z), and let X A denote the vector field on Z generated by the S 1 -action, normalized so that ι A A = 1. Recall that in the dimension reduction formalism, we regard E as a Courant algebroid on M, and we identify vector fields in Vect hor (Z) with vector fields on M. Here Vect hor (Z) consists of S 1 -invariant vector fields on Z such that ι X A = 0.
Let L A , ι A ∈ Ω ch (Z) denote the global sections corresponding to X A of weight one and degrees 0 and −1, respectively. In this section, we shall consider three vertex algebra sheaves on Z:
, and the quotient sheaf (
/ L A will be the most important for our purposes, and is closely related to the sheaf U E associated to E by Heluani's result. The differential D restricts to both Ω ch (Z) iR and Ω ch (Z) iR [t] , and it descends to a differential on
We will compute the D-cohomology of these global section algebras when Z has finite topological type. Finally, we will consider the H-twisted versions of these sheaves, and show that they are isomorphic to the untwisted versions.
First, the zero mode (L A ) 0 infinitesimally generates the S 1 -action on Ω ch (Z). Identifying the Lie algebra of S 1 with iR, for any open set U ⊂ Z, the kernel of (
iR defines a sheaf of vertex algebra on Z, which we denote by Ω
so the odd fields ι A , A generate a copy of the rank one bc-system E. Recall that dA is just the curvature form F A , which lies in π * (Ω 2 (M)). Let Ω 
Using the splittings of (T U α )/S 1 and (T * U α )/S 1 induced by the connection form, we obtain the following strong generating set for
Recall that Vect hor (U α ) consists of S 1 -invariant vector fields X on U α such that ι X A = 0, and we may identify Vect hor (U α ) with Vect(V α ).
Lemma 4.2. The fields L A and Γ
A satisfy OPE relations
so they generate a copy of the Heisenberg algebra H of rank 2.
Proof. It follows from (4.7) that ι
. Since G 0 ∂A has weight one and degree zero, it cannot depend on ∂A: any monomial involving ∂A must also depend on some ι X or ι A by degree considerations, but then would have weight at least two. Therefore
, which is preserved by G 0 . This space is chiral basic in the terminology of [45] , meaning that it commutes with both L A and ι A . Therefore ι A • 1 G 0 (D∂A)) = 0, so we conclude that
The fact that L A • k Γ A = 0 for k > 1 is clear by weight considerations, and the fact that
The remaining OPE relations in the lemma are obvious.
We may also consider (Ω ch Z )
iR as a sheaf of Z/2Z-graded modules over itself. We use the notation (Ω ch,•
Z )
iR , and we denote the cohomology of its global section algebra by
vanishes in positive weight and coincides with H
• (Z, H) in weight zero. Next, we consider another vertex algebra sheaf on Z, namely, the commutant sheaf
, which is properly contained in Ω ch (U α ) iR . As above, it not difficult to see that
since it does not commute with L A . If Z has finite topological type, recall that Z is itself a small open set. Then (4.11) with U α replaced by Z and V α replaced by M, is a strong generating set for
Theorem 4.4. Suppose that Z has finite topological type. Then
Here J is the free odd abelian vertex algebra with generator [α A ] of degree one and weight one, where
The same argument as the proof of Lemma 4.2 shows that if Γ ∈ Ω ch (Z) is any element satisfying
To see that the cohomology algebra has the above description, we consider a filtration
(d) is spanned by normally ordered monomials in the generators f, ω, A, ι A , ι X , L A , L X and their derivatives, such that at most d of the fields ι A , ι X , L A , L X and their derivatives appear. It follows from the OPE relations (3.7) that this is a good increasing filtration in the sense of [43] . Setting Ω ch (Z)
(−1) = 0, the associated graded algebra
is then an associative, supercommutative algebra on the same generating set. Both D and G 0 preserve the filtration, and hence act on gr(
where G is the algebra generated by f, ω, ι A , ι X , L A , L X and their derivatives, together with A (but not its derivatives), and J is generated by α A and its derivatives. Note that D and G 0 act on G, so that H * (G, D) vanishes in positive weight and coincides with H * (Z) at weight zero. Also, D acts trivially on J , so
The result then follows by induction on filtration degree.
Corollary 4.5. Suppose that Z has finite topological type. Then
Proof. Given a contractible open set U ⊂ Z, note first that we can find some B ∈ Ω 2 (U) such that H| U = dB. Since the map e B : Ω
Finally, since Z admits a finite cover by contractible open sets, a Mayer-Vietoris argument yields
There is one more vertex algebra sheaf on Z that we need to consider. Since L A commutes with itself, for any open set
The differential D descends to a differential on this quotient which we also denote by D; note that
iR / L A is trivial due to (4.10). If Z has finite topological type, (4.12) is a strong generating set for Ω ch (Z) iR[t] / L A with U α replaced by Z and V α replaced by M.
The symplectic fermion algebra F is a simple vertex superalgebra with odd generators φ, ψ of weight one, satisfying
Proof. First, ι A represents a nontrivial cohomology class because D(ι A ) = 0 but any preimage under D would have degree −2 and weight one, which is impossible. As above α A = ∂A − ξ A also represents a nontrivial class, and it is easy to check that
which is injective because F is simple.
As with Ω ch (Z) iR [t] , there is a good increasing filtration on
is an associative, supercommutative algebra with the same generators. We write
where G 1 is generated by f, ω, ι X , L X and their derivatives together with A (but not its derivatives), and G 2 is generated by ι A , α A and their derivatives. Then D and G 0 act on
The result follows by induction on filtration degree.
Corollary 4.7. If Z has finite topological type,
Proof. This is the same as the proof of Corollary 4.5. 
Clearly χ(F ; q, z) = n≥1 1 + q n z 1 + q n z −1 if φ and ψ are assigned degrees −1 and 1, respectively. If Z has finite topological type, dim(H d (Z)) is finite for all d and we write χ(Z; z)
Corollary 4.9. If Z has finite topological type, we have
There is a similar notion of graded character when the degree grading is by Z/2Z. The character of 
iR has the following strong generating set: (4.14)
defines a vertex algebra sheaf on Z which we denote by (Ω
, and
Theorem 4.10. The restriction of (4.4) to the iR-invariant and iR[t]-invariant subsheaves induces isomorphisms of differential graded vertex algebra sheaves
Since
, there is an induced isomorphism of differential graded vertex algebra sheaves
There are similar isomorphisms of differential graded sheaves of modules
Proof. This is an immediate consequence of Theorem 4.1.
T-duality for principal circle bundles in a background flux
In this section, we review the results in [13, 14] , where the following situation is studied. Let Z be a principal S 1 -bundle over M, (5.1)
M which is classified up to isomorphism by its first Chern class c 1 (Z) ∈ H 2 (M, Z). Assume that spacetime Z is endowed with an H-flux which is a representative in the degree 3 Deligne cohomology of Z, that is H ∈ Ω 3 (Z) with integral periods (for simplicity, we drop factors of ), together with the following data. Consider a local trivialization
= dB α , where
. Then the choice of H-flux entails that we are given a local trivialization as above and locally defined 2-forms B α on it, together with closed 2-forms F αβ defined on double overlaps, that is, (H, B α , F αβ ). This is also known as connection data or a connective structure of a gerbe on Z, see [18] . Also the first Chern class of Z → M is represented in integral cohomology by the pair (F, A α ) where {A α } is a connection 1-form on the principal circle bundle Z → M and F = dA α is the curvature 2-form of {A α }. The T-dual is then another principal S 1 -bundle over M, denoted by Z,
2)
M To define it, recall that π * denotes integration in the circle direction. Then we see that
where π * and similarly π * , denote the pushforward maps. Note that H is not fixed by this data, since any integer degree 3 cohomology class on M that is pulled back to Z also satisfies the requirements. However, H is determined uniquely (up to cohomology) upon imposing the condition [H] = [ H] on the correspondence space Z × M Z as will be explained now.
The correspondence space (sometimes called the doubled space) is the fibred product and is defined as
Then we have the following commutative diagram,
uniquely, via an application of the Gysin sequence. An alternate way to see this is explained below.
Let (H, B α , F αβ , L αβ ) denote a gerbe with connection on Z. We also choose a connection 1-form A on Z. As usual, X A will denote the vector field generating the S 1 -action on Z, normalized so that ι A A = 1, where ι A is the contraction with respect to X A . Then define A α = −ı A B α on the chart U α and the connection 1-form A = A α + d θ α on the chart U α × S 1 . In this way we get a T-dual circle bundle Z → M with connection 1-form A. Without loss of generality, we can assume that H is S 1 -invariant. Consider
where F A = d A and F A = dA are the curvatures of A and A respectively. One checks that the contraction ι A (Ω) = 0 and the Lie derivative Lie A (Ω) = 0 so that Ω is a basic 3-form on Z, that is Ω comes from the base M. Setting H = F A ∧ A + Ω this defines the T-dual flux 3-form. One verifies that H is a closed 3-form on Z. It follows that on the correspondence space, one has as desired,
Our next goal is to determine the T-dual curving or B-field. The Buscher rules imply that on the open sets U α × S 1 × S 1 of the correspondence space Z × M Z, one has (5.5)
so that B α is indeed a 2-form on Z and not just on the correspondence space. Obviously, d B α = H. Following the descent equations one arrives at the complete T-dual gerbe with connection, ( H, B α , F αβ , L αβ ). cf. [11] The Buscher rules [19] for transforming the Ramond-Ramond (RR) fields can be encoded in the [13, 14] generalization of Hori's formula (see Hori [37] )
for Type IIB, and where the right hand side of equation (5.7) is an invariant differential form on Z × M Z, and the integration is along the S 1 -fibre of Z. We may write G ∈ Ω
• (Z)
. It is not difficult to check that
Recall that the twisted cohomology is defined as the cohomology of the complex 
Define the Riemannian metrics on Z and Z respectively by
where g M is a Riemannian metric on M. Then g is S 1 -invariant and the length of each circle fibre is R; g is S 1 -invariant and the length of each circle fibre is 1/R. The following theorem summarizes the main consequence of T-duality for principal circle bundles in a background flux.
Theorem 5.1 (T-duality isomorphism [13, 14] ). In the notation above, and with the above choices of Riemannian metrics and flux forms, the map (5.7) is an isometry, inducing an isomorphism on twisted cohomology groups,
Therefore under T-duality one has the exchange, R ⇐⇒ 1/R and background H-flux ⇐⇒ Chern class
Moreover there is also an isomorphism of twisted K-theories,
such that the following diagram commutes,
The surprising new phenomenon discovered in [13, 14] is that there is a change in topology when the H-flux is non-trivial.
T-duality of Courant algebroids.
As shown by Cavalcanti and Gualtieri in [22] (see also [6] ), the isomorphism T : Ω
is compatible with an isomorphism of Courant algebroids
Recall that in the dimension reduction formalism, we identify Vect hor (Z) with Vect(M). We write a vector field in T Z/S 1 as
Similarly, we write a form in (
is an isomorphism of Courant algebroids. Moreover,
, and the maps (5.12) and (5.7) are compatible in the obvious sense.
Chiral T-duality
As in the previous section, let (Z, H) and ( Z, H) be a T-dual pair of principal S 1 -bundles on M. Our first observation is that if we combine Theorems 3.6 and 5.1, we obtain the following result.
Theorem 6.1 (T-duality isomorphism of twisted chiral de Rham cohomology). There is an isomorphism in twisted chiral de Rham cohomology
Next, we wish to find appropriate chiral analogues of the Cavalcanti-Gualtieri isomorphism of Courant algebroids (5.12), as well as the compatible degree-shifting isomorphism (5.7) of twisted de Rham complexes. As usual, we fix connection forms A ∈ Ω 1 (Z) and A ∈ Ω 1 ( Z), respectively, so that ι A A = 1 = ι A A, where ι A and ι A are the contractions with respect to the vector fields X A and X A generated by the S 1 -actions. Fix an open cover {W α } for M which trivializes both
are small open covers for Z and Z, respectively, and
. We may assume without loss of generality that
For simplicity of notation, for the remainder of this section we shall drop the tilde from our notation for the generators of both Ω ch,H (V α ) and Ω ch, H ( V α ). First, we write down some OPE relations in Ω ch,H (V α ) iR[t] using the formula (1.7) for the bracket [·, ·] H in the dimension reduction formalism. We obtain
We have ι A H = H (2) , and the quotient Ω ch,H (V α ) iR[t] / L A − H (2) has strong generators
The OPE relations are the same except that L A is replaced with H (2) , so that 2) ) : (w)(z−w) −1 .
Theorem 6.2 (T-duality of twisted vertex algebra sheaves). For each V α , the map
defined on generators by
is a vertex algebra isomorphism. Since τ ch is defined in a coordinate-independent way, it is well-defined on overlaps. We obtain an isomorphism of vertex algebra sheaves on M,
which we also denote by τ ch . In particular, we have a vertex algebra isomorphism
Proof. First, we check that τ ch preserves OPEs.
L X (z)ι A (w) ∼ (ι X ι A H)(w)(z − w) −1 = (ι X H (2) )(w)(z − w) −1 , and τ ch (L X )(z)τ ch (ι A )(w) = L X (z) A(w) ∼ (ι X H (2) )(w)(z − w) −1 .
Here we are using 
Next,
+D(: Aι X ι Y H (2) :) (w)(z − w) −1 , whose first-order pole coincides with
+ :
We have However, if Z is self-dual in the sense that c 1 (Z) = c 1 ( Z), we may choose H, H so that H (2) = H (2) . Defining τ ch (L A ) = L A , it is easy to check that τ ch lifts to an isomorphism (6.7). In fact, defining τ ch (Γ A ) = Γ A , one can check that (6.7) actually extends to an isomorphism
The reason is that Γ A commutes with f, ω, ι X , and satisfies (4.10) as well as
Corollary 6.5. Composing τ ch with these isomorphisms, we obtain a degree-preserving isomorphism of untwisted vertex algebra sheaves on M, also denoted by τ ch , 
inductively as follows:
Here ν ∈ Ω ch (V α ) iR[t] / L A regarded as a vertex algebra, and µ ∈ Ω ch,• (V α ) iR[t] / L A regarded as a module. Then T ch is a linear isomorphism of modules which preserves weight and shifts degree. Moreover, T ch coincides at weight zero with the classical Tduality map (5.7). We obtain a weight-preserving, degree-shifting isomorphism of sheaves of modules on M (6.10)
which we also denote by T ch . In particular, we get a linear isomorphism of global sections
Proof. The fact that T ch is well-defined is a consequence of the standard quasi-commutativity and quasi-associativity formulas in vertex algebra theory. Note that
Since τ ch (ω) = ω for all ω ∈ π * (Ω 1 (W α )), it follows that at weight zero, T ch coincides with (5.7).
At weight zero, (6.11) induces the classical T-duality isomorphism (5.9) 
In particular, the graded characters of these structures agree.
